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Establishing if multi-Higgs potentials are bounded from below (BFB) can be rather challenging,
and it may impede efficient investigation of all phenomenological consequences of such models. In
this paper, we find the necessary and sufficient BFB conditions for the Three-Higgs-Doublet model
(3HDM) with the global symmetry group U(1) × U(1). We observed an important role played
by charge-breaking directions in the Higgs space, even for situations when a good-looking neutral
minimum exists. This remark is not limited to the particular model we consider but represents a
rather general feature of elaborate multi-Higgs potentials which must be carefully dealt with. Also,
applying this method to Weinberg’s model (the Z2 × Z2 symmetric 3HDM) turned out to be more
challenging than was believed in the literature. In particular, we have found that the approach
taken in a paper from 2009 does not lead to the necessary and sufficient BFB conditions for this
case.
I. INTRODUCTION
Experimental data do not force the Higgs sector to be as minimal as postulated in the Standard Model (SM).
Building models with non-minimal Higgs sectors is an attractive option [1], as it helps to resolve various open problems,
both in particle physics and in cosmology, which the SM cannot address. When building these models, one has to
deal with technical issues related to the properties of the scalar potential; in particular, one has to ascertain that it
is bounded from below (BFB) so that a vacuum state exists at all.
Even for sophisticated scalar sectors, it is often easy to give a set of sufficient BFB conditions. Models satisfying
them are safe and can be used in phenomenological analyses. However, such conditions can be overly restrictive,
leaving out parts of the parameter space with potentially intriguing phenomenological consequences. Thus, when
exploring the parameter space in a class of multi-Higgs models, it is always desirable to establish the exact BFB
conditions which are simultaneously necessary and sufficient. This technical issue is rather challenging and has only
been solved for sufficiently simple cases. For example, in models with N Higgs doublets (NHDMs), the exact BFB
conditions are known for the general 2HDM [2–4] and for several versions of NHDMs equipped with various global
symmetries [5–9]. In other cases, general strategies were outlined [10, 11] but they did not yet result in a closed set of
BFB conditions in terms of the parameters of the potential. In fact, it is well possible that, starting from sufficiently
sophisticated cases, it may be impossible to present these conditions in the form of algebraic inequalities [11].
In this paper, we report the necessary and sufficient BFB conditions for yet another model, the 3HDM with global
symmetry group U(1)×U(1). This model is, in fact, a particular case of the original Weinberg’s model with symmetry
group Z2 × Z2 which sparked the 3HDM activity back in 1976 [12]. It is instructive to mention that at that time
the main focus was on phenomenological aspects of the model; the stability of the potential was assumed, with little
attention paid to the exact BFB conditions [12, 13]. It was only in 2009 that a set of the BFB conditions for the
original Z2 × Z2 was published [6]. Since the U(1) × U(1) 3HDM considered here is a particular case of Weinberg’s
model, one would expect that its BFB conditions should emerge from the previous results in a limiting case. We
found our results not to meet this expectation, and we will discuss the origin of this discrepancy. When deriving the
conditions for the U(1)×U(1)-symmetric 3HDM, we learned yet another lesson: one must always check stability along
charge-breaking directions in the Higgs space, even if one has a normally looking neutral minimum. We will show an
example in which such a minimum exists and the potential is stable in all neutral directions, but it is unbounded from
below along some charge-breaking directions.
The paper is organised as follows. In section 2 we describe the U(1)×U(1) symmetric 3HDM and find the necessary
and sufficient BFB conditions. We first remind the reader of the copositivity conditions and then adapt the potential
∗ francisco.faro@tecnico.ulisboa.pt
† igor.ivanov@tecnico.ulisboa.pt
ar
X
iv
:1
90
7.
01
96
3v
2 
 [h
ep
-p
h]
  1
 Se
p 2
01
9
2to the form in which these conditions are applicable. When deriving BFB conditions, we pay special attention to
the charge-breaking directions in the Higgs space. In section 3 we further investigate these results and draw from
them two lessons, which we find important to communicate. First, we highlight the importance of charge breaking
directions. Second, turning to the case of the Z2 ×Z2 symmetric 3HDM, we find it more challenging than previously
described in the literature. Thus, establishing the exact BFB conditions in this case is still an open question.
II. NECESSARY AND SUFFICIENT BFB CONDITIONS FOR THE U(1)× U(1) 3HDM
A. Copositivity conditions
We begin by reminding the reader of the structure of the Higgs space in the 3HDM and of the copositivity conditions
[7], a simple but powerful approach to establish the BFB conditions when the scalar potential can be written as a
quadratic form of positive definite variables. The Higgs space of the 3HDM is spanned by three SU(2)L × U(1)Y
scalar doublets with hypercharge Y = 1/2, and we make use of the standard definition for the electric charge, where
the upper components of the doublets are charged. When analysing the structure of the potential, we replace the
scalar field operators φi(x) by c-numbers which can be conveniently parameterized as
φi =
√
rie
iγi
(
sin (αi)
cos (αi)e
iβi
)
, i = 1, 2, 3. (1)
Here the norms of the doublets are represented by (φ†iφi) = ri ≥ 0, which we shall refer to as the radial variables.
The angles αi and the phases βi, γi are called angular variables. By allowing for any values of the phases, we can
restrict αi to lie within the first quadrant without losing generality. Neutral directions in the Higgs space correspond
to situations when all φi are proportional to each other. One can define the non-negative charge-breaking sensitive
quantities
zij = (φ
†
iφi)(φ
†
jφj)− (φ†iφj)(φ†jφi)
= rirj
[
sin2αi cos
2αj + sin
2αj cos
2αi − 2 sinαi cosαi sinαj cosαj cos(βi − βj)
] ≥ 0 , (2)
and notice that taking all zij = 0 corresponds to neutral directions of the Higgs space. Other directions, along which
the strict proportionality of all three doublets does not hold, are called charge breaking directions and they correspond
to at least one zij 6= 0. One can clearly see this by applying the SU(2) × U(1) gauge transformation to all three
doublets, rewriting them as
φ1 =
√
r1
(
0
1
)
, φ2 =
√
r2
(
sin (α2)
cos (α2)e
iβ2
)
, φ3 =
√
r3e
iγ
(
sin (α3)
cos (α3)e
iβ3
)
, (3)
so that α2, 3 can be identified as the charge breaking angles.
The global group U(1) × U(1) can be represented, in a suitable basis, by arbitrary rephasing transformations of
individual doublets. The 3HDM potential invariant under them can be written as V = V2 + VN + VCB , where
V2 = m
2
11(φ
†
1φ1) +m
2
22(φ
†
2φ2) +m
2
33(φ
†
3φ3) , (4)
VN =
λ11
2
(φ†1φ1)
2 +
λ22
2
(φ†2φ2)
2 +
λ33
2
(φ†3φ3)
2 + λ12(φ
†
1φ1)(φ
†
2φ2) + λ13(φ
†
1φ1)(φ
†
3φ3) + λ23(φ
†
2φ2)(φ
†
3φ3) , (5)
VCB = λ
′
12z12 + λ
′
13z13 + λ
′
23z23 . (6)
Along neutral directions all zij = 0, so that the scalar potential is given by V = V2 + VN . Along charge breaking
directions, at least one zij 6= 0, meaning that VCB switches on and contributes to the potential.
Let us now focus on the potential along neutral directions and establish conditions for its boundedness from below.
As usual, this is equivalent to requiring that the quartic part of the potential is non-negative along all neutral
directions. Using the parameterization in (3), we express the potential as a quadratic form of the variables ri ≥ 0:
VN =
λ11
2
r21 +
λ22
2
r22 +
λ33
2
r23 + λ12r1r2 + λ13r1r3 + λ23r2r3 (7)
≡ 1
2
Aijrirj . (8)
3In order for the 3 × 3 real symmetric matrix A to be positive definite (or, at least, non-negative) in the first octant
of variables ri, its entries must satisfy the following list of inequalities known as the copositivity conditions [7]:
A11 ≥ 0, A22 ≥ 0, A33 ≥ 0,
A¯12 ≡
√
A11A22 +A12 ≥ 0,
A¯13 ≡
√
A11A33 +A13 ≥ 0,
A¯23 ≡
√
A22A33 +A23 ≥ 0,
(9)
and √
A11A22A33 +A12
√
A33 +A13
√
A22 +A23
√
A11 +
√
2A¯12A¯13A¯23 ≥ 0 . (10)
These are the necessary and sufficient conditions for VN to be bounded from below.
B. Including charge-breaking directions
The charge breaking part of the potential depends not only on the radial variables ri, but also on the angular vari-
ables αi, βi, γi. Thus, the quartic part of the potential, V4, cannot yet be written as a quadratic form of independent
and non-negative variables.1 However, we can find the directions along which VCB reaches a minimum in the angular
variables. If VCB evaluated along these special directions can be written as a quadratic form of ri, then the quartic
potential VN +VCB can still be written in the same generic form as in eq. (8), where the matrix A receives, in addition
to (7), contributions from VCB . Then, one just applies the same copositivity conditions in (9) and (10) to the total
matrix A. The resulting conditions can be stronger than just for VN , but only in the case when VCB can become
negative along some angular directions.
By differentiating eq. (6) with respect to δ ≡ β3 − β2
2
∂VCB
∂δ
= λ′23r2r3 sin (2α2) sin (2α3) sin (δ) = 0, (11)
we obtain the extrema at δ = 0 and pi. At these values of δ, the potential is
VCB = λ
′
12r1r2 sin
2 (α2) + λ
′
13r1r3 sin
2 (α3) + λ
′
23r2r3 sin
2 (α2 ∓ α3). (12)
Next, we find at which values of angles α2 and α3, but with fixed ri, this expression takes its minimal value. Clearly,
we are interested in cases when VCB can reach negative values, helping to lower the overall quartic potential, which
is possible whenever there is at least one negative λ′ij . To treat all cases in a uniform fashion, we write λ′ij = σij |λ′ij |
and keep track of the sign factors σij = ±1. Moreover, notice that if one ri is zero, for example r1 = 0, the problem
is solved immediately: the minimum value of VCB is either zero for σ23 = +1 or −|λ′23|r2r3 for σ23 = −1. Thus, we
consider below only the case when all ri 6= 0.
Here we shall sample the whole range of the angles α2 and α3, then the sign choice in α2 ∓ α3 does not matter.
Setting the derivatives of eq. (12) with respect to α2 and α3 to zero, we arrive at two simultaneous equalities
|λ′23|
r1
sin [2σ23 (α2 − α3)] = |λ
′
13|
r2
sin (2σ13α3) =
|λ′12|
r3
sin (−2σ12α2) . (13)
These two equations can have trivial and non-trivial solutions. Trivial solutions arise when we require that the
quantity in (13) is equal to zero. They correspond to α2 and α3 equal to multiplies of pi/2. Substituting these values
in the potential of eq. (12), one obtains three angular extrema of VCB :
λ′12r1r2 + λ
′
23r2r3 , λ
′
13r1r3 + λ
′
23r2r3 , λ
′
12r1r2 + λ
′
13r1r3 . (14)
Clearly, it only makes sense to include those expressions for situations in which at least one of λ′ij < 0.
When looking for non-trivial solutions, we observe that equations (13) resemble the law of sines in a triangle2:
sin θ1
L1
=
sin θ2
L2
=
sin θ3
L3
. (15)
1 Although zij ≥ 0, they are not independent from ri.
2 This triangle technique was already used by Branco [13, 14] to find CP breaking minima for the real Z2 × Z2 symmetric 3HDM, the
so-called Branco’s model.
4In order for this analogy to work, the lengths of the triangle
L1 =
r1
|λ′23|
, L2 =
r2
|λ′13|
, L3 =
r3
|λ′12|
(16)
must satisfy the well-known triangle inequalities,
|L1 − L2| ≤ L3 ≤ L1 + L2 , (17)
and the inner angles of the triangle must sum up to θ1 + θ2 + θ3 = pi. The exact relations between θ’s and α’s depend
on sign factors σij . For example, for σ12 = σ13 = σ23 = +1, we set
θ1 = pi − 2 (α2 − α3) , θ2 = pi − 2α3, θ3 = −pi + 2α2 , (18)
while for σ13 = σ13 = +1 and σ12 = −1, we set
θ1 = 2 (α2 − α3) , θ2 = 2α3, θ3 = pi − 2α2 . (19)
Hence, if the triangle inequalities in (17) are satisfied, there always exists a (unique) solution for angles αi. It is
remarkable that, when these values are substituted back in (12), they produce, once again, a quadratic form in the
variables ri. The value of VCB can be expressed in a compact form
V non−triv.CB =
λ
′
12λ
′
23λ
′
31
4
(L1σ23 + L2σ13 + L3σ12)
2 =
λ
′
12λ
′
23λ
′
31
4
(
r1
λ′23
+
r2
λ′13
+
r3
λ′12
)2
, (20)
which holds for any combination of the sign factors σij . However, this expression is negative only in two cases: if
exactly one among the three λ′ij is negative, and if all three λ′ij are negative. Thus, only in these two cases one needs
to take this value into account when establishing the BFB conditions.
C. The set of necessary and sufficient BFB conditions
We are ready to formulate the set of necessary and sufficient BFB conditions for the U(1)×U(1) symmetric 3HDM,
which we present as an algorithm.
Step 1. Apply the copositivity conditions in (9) and (10) to the matrix A = AN extracted from VN , eq. (7).
Step 2. If at least one λ′ij < 0, construct three new matrices A1,2,3 = AN + ∆1,2,3, where ∆1,2,3 are extracted from
the three expressions of the charge breaking potential VCB corresponding to the trivial solutions and listed in (14).
Apply the copositivity conditions in (9) and (10) to each of A1,2,3.
Step 3. If λ
′
12λ
′
23λ
′
31 < 0, consider VN + V
non−triv.
CB , which is also a quadratic form of ri, and extract from it the
new matrix A4 = AN + ∆4. This matrix must be non-negative within the open tetrahedron in the ri space, illustrated
by Fig. 1, that has the apex at the origin, lies inside the first octant, and is constrained by the triangle inequalities
in (17).
Figure 1. Location of the open tetrahedron defined by xi ≥ 0 inside the first octant of ri space. Each axis xi lies in the plane
orthogonal to the axis ri.
5Non-negativity inside this tetrahedron can be achieved through the same copositivity technique. Let us define new
variables xi, which are linearly related to ri:
ri = Rijxj , R =
|λ′23| 0 00 |λ′31| 0
0 0 |λ′12|
0 1 11 0 1
1 1 0
 . (21)
Here, the first matrix links ri and Li, while the second matrix alignes the axes xi with the directions of Li = 0 (and
therefore two other L’s being equal). The open tetrahedron defined by the inequalities in (17) corresponds to the
first octant in terms of the new variables: xi ≥ 0. Since the relation ri = Rijxj is linear, the quartic potential can
be written as a quadratic form in the variables xi with the matrix RTA4R. Therefore, to complete step 3 we need to
check that the entries of this matrix satisfy the set of copositivity conditions in (9) and (10).
These three steps represent the necessary and sufficient conditions for the potential of the U(1)× U(1) symmetric
3HDM to be bounded from below.
III. DISCUSSION
A. The necessity of step 3
It may not be immediately obvious whether step 3 in the above strategy is indeed needed or whether it becomes
redundant once steps 1 and 2 are passed. However, a quick check confirms that step 3 is indeed necessary. Consider
a very simple example:
λ11 = λ22 = λ33 = a > 0, λ12 = λ13 = λ23 = 0, λ
′
12 = λ
′
13 = λ
′
23 = −b, (22)
with a positive b. Then, steps 1 and 2 result in the following conditions:
a ≥ 0 , a ≥ b , a ≥
√
2b . (23)
At step 3, one needs to add V non−triv.CB given by Eq. (20). Instead of working out the copositivity conditions in full,
let us just test the direction r1 = r2 = r3 = r. Evaluating the total quartic potential along this direction, one gets:
V4 =
3
2
r2
(
a− 3
2
b
)
. (24)
If one chooses 3/2 > a/b >
√
2, the potential will pass steps 1 and 2 but will be unbounded from below along this
direction. Therefore, imposing step 3 is unavoidable.
B. A pathological example
It is important to appreciate that in certain cases the BFB conditions along the charge breaking directions in the
Higgs space can be more constraining than along the neutral ones, and this is not related to the existence of a neutral
minimum. Let us illustrate this point with a pathological example whose pathology would be easily missed if one
focused only on the neutral directions.
Consider a U(1)×U(1) symmetric 3HDM model where the quadratic potential in eq. (4) contains only one negative
coefficient: m211 = −|m211|. Then the minimum is at
〈
φ01
〉
= v/
√
2 with v2 = 2|m211|/λ11, while 〈φ2,3〉 = 0. This is in
fact the only phenomenologically viable choice, since it avoids spontaneous breaking of the U(1)×U(1) symmetry and
does not lead to Goldstone bosons. It also leads to scalar dark matter candidates which is one of the main attraction
points of symmetry protected multi-Higgs models. Expanding the potential around this point, one obtains masses of
all physical scalars:
M2h = v
2λ11, M
2
H2 = M
2
A2 = m
2
22 +
v2
2
λ12, M
2
H3 = M
2
A3 = m
2
33 +
v2
2
λ13,
M2
H±2
= m222 +
v2
2
(λ12 + λ
′
12), M
2
H±3
= m233 +
v2
2
(λ13 + λ
′
13).
6One can see that if λ11 > 0 and if the quadratic parameters m222, m233 are sufficiently large, then the masses squared
are positive. Moreover, by choosing λ11, λ22, λ33 > 0 and
λ12 > 0, λ13 > 0, λ23 > 0, (25)
we can immediately guarantee that the potential is bounded from below in all neutral directions in the Higgs space.
However, these conditions are not sufficient to guarantee that the potential is bounded from below everywhere in
the Higgs space. Take, for example, the following point in the parameter space:
λ11 = λ22 = λ33 = 0.1, λ12 = λ13 = λ23 = 0.1, λ
′
12 = λ
′
13 = λ
′
23 = −0.6, (26)
and explore how the quartic potential behaves along the ray3 r1 = r2 = r3 ≡ r, α2 = α3 = pi/2. We find by direct
calculation that V4 = −0.75r2. It clearly indicates that the potential is unbounded from below despite the existence
of a normally looking neutral minimum. Thus, in order to avoid such pathological models, one must always look
for BFB conditions valid in the entire Higgs space, not only along the neutral directions. This remark if, of course,
general and is not limited to the U(1)× U(1) symmetric 3HDM.
C. Towards the BFB conditions in Z2 × Z2 3HDM
The exploration of 3HDMs started 40 years ago with a model which combined natural flavor conservation (NFC)
with various forms of CP violation in the scalar sector [12, 13]. Indeed, NFC is imposed in this model by requiring
that the potential be invariant under the global Z2×Z2 symmetry group generated, in a suitable basis, by independent
sign flips of the doublets. The most general potential with this symmetry is given by the U(1) × U(1) symmetric
potential V2 + VN + VCB in eqs. (4), (5), (6) together with the additional phase-sensitive terms
VZ2×Z2 = λ¯12(φ
†
1φ2)
2 + λ¯13(φ
†
1φ3)
2 + λ¯23(φ
†
2φ3)
2 +H.c., (27)
where λ¯ij can be either real or complex.
When building models based on this potential, one must make sure that it is bounded from below. Despite the
phenomenological interest raised by this model, for a long time there was no attempt to establish the exact necessary
and sufficient BFB conditions for this model. Stability of the potential was only assumed, and the phenomenology
was studied under this assumption. It was only in 2009 that this problem was addressed in [6]. Results of that work,
either for the generic Z2 × Z2 quartic potential or under the assumption of “dark democracy”, which sets some of
the coefficients equal, were later used in several publications, e.g. [15–18]. Since the U(1) × U(1) symmetric 3HDM
studied here is a particular case of the Z2 × Z2 symmetric model, one would expect to be able to derive our BFB
conditions from the results of Ref. [6]. We found this not to be the case.
In order to clarify the situation, we introduce the notation used in Ref. [6] and write the doublets as φi = ||φi||φˆi,
where the norms of the doublets are given by ||φi|| = √ri in our notation. The products of the unit doublets were
written as
φˆ†2φˆ1 = ρ1e
iϕ1 , φˆ†3φˆ1 = ρ2e
iϕ2 , φˆ†3φˆ2 = ρ3e
iϕ3 , (28)
with ρi ∈ [0, 1] and ϕi ∈ [0, 2pi). The whole quartic potential depends on them, but these 6 variables are themselves
not independent. In general, three doublets of unit length φˆi ∈ C2 have 9 degrees of freedom. One can make use
of the gauge symmetry to remove 4 of them, which leaves only 5 independent degrees of freedom. That is, these 6
variables must satisfy certain (in)equalities, which we derive by expressing these parameters with our parameterization
in eq. (3):
ρ1 = cos (α2), ρ2 = cos (α3), ϕ1 = −β2, ϕ2 = −(β2 + γ + δ), (29)
and
φˆ†3φˆ2 =
[
cos (α2) cos (α3)e
−iδ + sin (α2) sin (α3)
]
e−iγ . (30)
3 We do not claim that the potential is minimal along this direction. We simply show that there exists a direction along which the
potential is unbounded from below.
7From the last relation we deduce that,
ρ23 = ρ
2
1ρ
2
2 + (1− ρ21)(1− ρ22) + 2ρ1ρ2
√
(1− ρ21)(1− ρ22) cos (δ), (31)
which, for given ρ1 and ρ2, limits ρ3 by∣∣∣∣ρ1ρ2 −√(1− ρ21)(1− ρ22)∣∣∣∣ ≤ ρ3 ≤ ρ1ρ2 +√(1− ρ21)(1− ρ22). (32)
Thus, when minimizing the potential in the ρi space, one must take into account that the space available is not the
full cube 0 ≤ ρi ≤ 1, but a part of it bounded by the inequalities in (32).
Moreover, the 3 phases ϕi are not independent. Let us construct the rephasing-invariant quantity(
φˆ†2φˆ1
)(
φˆ†1φˆ3
)(
φˆ†3φˆ2
)
= ρ1ρ2ρ3e
iΣϕ = ρ1ρ2
[
cos (α2) cos (α3) + sin (α2) sin (α3)e
iδ
]
. (33)
Here Σϕ ≡ ϕ1 − ϕ2 + ϕ3 can be expressed as
tan (Σϕ) =
sin (α2) sin (α3) sin (δ)
cos (α2) cos (α3) + sin (α2) sin (α3) cos (δ)
. (34)
Switching back to the ρi notation and using eq. (31), we find after some algebra
cos2 (Σϕ) =
(
ρ21 + ρ
2
2 + ρ
2
3 − 1
)2
4ρ21ρ
2
2ρ
2
3
. (35)
From this expression it is clear that, for given ρi, the quantity Σϕ = ϕ1−ϕ2 +ϕ3 is fixed, up to discrete ambiguities.
By treating all 6 variables ρ1, 2, 3 and ϕ1, 2, 3 as independent and minimizing the potential with respect to them
individually, as was done in Ref. [6], one would arrive at a value of the potential which would be lower than what
actually is possible to achieve within the space available. Thus, the conditions obtained are, at most, sufficient but
not necessary. It is possible to construct examples of this model which violate the previously found conditions but
whose potentials are, nevertheless, bounded from below. It would be interesting to see if these parts of the allowed,
but neglected, parameter space correspond to any characteristic phenomenology.
IV. CONCLUSIONS
Exploration of viable parameter space regions in models with extended Higgs sectors can be challenging due to
sophisticated scalar potentials. In particular, requiring that the potential be bounded from below (BFB) places
constraints on its parameters, but establishing the exact necessary and sufficient BFB conditions can be notoriously
difficult. In this paper we found these conditions in the rephasing invariant three-Higgs-doublet model, which can be
used to construct viable models with degenerate scalar dark matter candidates.
When deriving these conditions, we found that it is extremely important to check not only neutral but also charge-
breaking directions in the Higgs space. To highlight this point, we showed an example of this model which possesses
a good-looking minimum, with positive masses squared for all Higgses, and whose potential is bounded from below in
all neutral directions of the Higgs space. Yet the example is pathological because the potential is not bounded from
below in charge-breaking directions. One may argue that if this metastable vacuum is sufficiently long-lived, one can
still develop phenomenology around it. We do not enter this discussion here; we only give a direct proof that having
a neutral minimum is not an excuse to sidestep stability checks in the entire Higgs space.
It would be even more interesting to find the exact BFB conditions for the Z2×Z2 symmetric case, the model with
which 3HDMs made their debut in late 1970s [12, 13]. This model includes, in addition to our potential, extra terms.
Our results can be seen as a set of necessary conditions for this case, but they are not sufficient. We have not yet
solved this problem, but we notice that the approach taken in Ref. [6] does not lead to the necessary and sufficient
BFB conditions for the Z2 × Z2 symmetric 3HDM. This problem remains to be solved.
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